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We analyzed the solvation behavior of aqueous lithium, nickel, and ytterbium sulfates at
ambient conditions in terms of the relevant radial distributions functions and the corre-
sponding first-order difference of the sulfur-site neutron-weighted distribution functions
generated by isothermal-isobaric molecular dynamics simulation. We determined the partial
contributions to the neutron-weighted distribution functions, to identify the main contrib-
uting peaks of the corresponding radial distribution functions, and the effect of the contact
ion-pair configuration on the resulting water’s hydrogen coordination around the sulfate’s
sulfur site. Finally, we assessed the extent of the ion-pair formation according to
Poirier-DeLap formalism and highlighted the significant increase of the ion-pair association
exhibited by these salts with cation charge.
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Ion-pair recognition and separation by synthetic hosts is an effective ap-
proach for the recovery of salts from dilute aqueous solutions, i.e., the si-
multaneous extraction of the cation species as well as the anions. Early
efforts on solvent ion extraction placed more emphasis on the design of ion
receptors for cation complexation, while anion co-extraction selectivity fol-
lowed from their solvation behavior!'2. Because the success of an extraction
process has been measured in terms of separation selectivity, the driving
force behind new developments to increase selectivity has aimed at ways to
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tailor the system at a molecular level to maximize it by manipulation of the
receptors and the solvating environment.

Typically, separation selectivity is governed by microscopic phenomena
that promote either bias or recognition3. Consequently, the general expec-
tation on the extent of the salt extraction was roughly dictated by the
Hofmeister selectivity*. However, when introducing ion-receptors into the
extractant phase as facilitators of salt extraction, there is no reason to ex-
pect a Hofmeister trend especially when considering that ions—-macromole-
cule interactions might be more favorable for anions than cations.

A recurrent concept underlying the extractive salt separation is the so-
called Hofmeister behavior (or lack of, i.e., Hofmeister bias), when referring
to the relative effectiveness of anions and cations to affect the outcome?.
In particular, anti-Hofmeister behavior has been observed in a large number
of the anion separations, and it is obviously of great interest to unravel the
actual molecular mechanism in a rational search for ways to overcome it®3.
Obviously, species solvation plays a pivotal role in determining the sought
mechanism, and consequently, on the anion-cation pair formation.

The solvation of multi-charged anions plays an important role in bio-
logical systems and separation processes involving the Hofmeister series>.
Sulfates can be described as prototypical multi-charged anions whose tetra-
hedral distribution of oxygen sites facilitates the understanding of the
impact of the anion-water interactions on the resulting solvation behavior.
The presence of ions in an otherwise pure aqueous environment modifies
the microstructure of the solvent, and consequently, the thermophysical
properties of the resulting aqueous solution. This structural water perturba-
tion around the ions is the consequence of the ion-water (and eventually
ion-ion) interactions not present in the pure solvent, i.e., the difference of
strength between the solvent-solvent and the ion-solvent interactions
macroscopically manifested as solution nonideality® '°.

An early view of the structure of aqueous electrolyte solutions introduced
the concept of structure-maker and structure-breaker ions, introduced as a
measure of the order/disorder induced on the surrounding solvent relative
to that of the pure solvent. This picture also provides the idea of the ion
solvation (hydration) numbers as the estimated number of solvent (water)
molecules coordinated with the ion under consideration, a concept that has
allowed a simplified interpretation and modeling of these systems!!. Even
though there are rather complete compilations of solvation (hydration)
numbers'>13, they are based on indirect experimental determinations (e.g.,
mobility, compressibility, and dielectric measurements) resulting in a wide-
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spread and inconsistent set of results!* whose usefulness might be ques-
tioned!>.

From a basic microstructural viewpoint, solvation numbers are directly
linked to the number of coordinated solvent molecules around the species
under consideration, consequently, the best approach to their assessment is
through the determination of the corresponding ion-solvent radial distri-
bution function. Among others, neutron diffraction with isotope substitu-
tion (NDIS) is a versatile tool for the determination of the microstructure of
aqueous electrolytes, e.g., the ion-water correlations by the first-order dif-
ference method!®. The suitability of this method depends on the ions hav-
ing different isotopic coherent scattering lengths while the successful
implementation and the outcome of the experiments depends strongly on
the interpretation of the shape, location, and resolution of scattering peaks,
and in particular, on de-convoluting the peak overlapping associated with
ion-pairing!”/18,

From a strictly microstructural viewpoint, the formation of a contact ion
pair in aqueous solutions of a salt M"*X,"~ is a penetration of solvation shell
of M"* into that of X'~. In terms of NDIS data, this formation leads to an
overlapping of the M"*-X"~ with either the H-M"* (H-X"") or O-M"* (O-X"")
contributions to the corresponding total structural factors, and represented
as a distortion of the normal shape of either the first or the second peak of
the first-order difference of the neutron-weighted distribution functions in
heavy water!®:20,

In this context, as discussed in details elsewhere!®-21, molecular-based
simulation can help in the interpretation of the diffraction data, because it
provides the unambiguous link between the system structure under study
and the corresponding neutron-weighted distribution functions, conse-
quently, simulation offers a route for the unambiguous test of consistency
and/or accuracy for the methods and hypothesis used in the extraction of
structural information from diffraction experiments.

In what follows, we introduce the foundation for our analysis in section
Fundamentals, and the intermolecular model as well as the simulation
methodology in section Potential Models and Simulation Methodology. In
section Microstructural Results, we present and discuss the simulation re-
sults and final remarks are given in Conclusions.
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FUNDAMENTALS

The systems of interest here comprise aqueous solutions of metal sulfates,
M,**(SO,%),, , where M#* {Li*, Ni**, Yb%*}, and involve the following total
structure factor F(k) defined as??,

F(k) = 2 2 c,.c;bb;(S;(k)—1) (1)

where k = (4n/A)sin(0/2) is the magnitude of the scattering vector as a func-
tion of the wavelength A of the incident neutrons and the scattering angle 6.
In Eq. (1), ¢; and b; denote the atomic fraction and the coherent scattering
length of atomic species i for neutrons, S;(k) is the partial structure factor
describing the correlation between atoms of types i and j, i.e.,

S; (k) =1+ (4np,, / k)]° (g ) = 1)rsin(kr)dr 2

where p, and g;(r) are the atomic number density of the solution and the
radial pair distribution function for ij-interactions. Note that the summa-
tions in Eq. (I) involve all four species, i.e., H, O, S, and M*, where the O
contributions are from the water as well as the sulfate ions, consequently
F(k) comprises 12 ijj-pair contributions.

Obviously, F(k) can be generated either by simulation or experimentally
by neutron scattering. What is measured in the latter is the neutron scatter-
ing differential cross section F(k), i.e.,

F (k) = g—g = F(k) + 2 ¢,6!°* / 4n + relevant corrections . 3)

Therefore, the sought F(k) becomes available after subtracting the total (co-
herent plus incoherent) 6®® cross section for nucleus i, and correcting for
inelastic (Placzek corrections), multiple scattering, as well as for sample and
container absorption?3. Obviously, these corrections introduce uncertain-
ties into the analysis of the experimental data, while molecular simulation
directly provides all radial distribution functions and consequently G(r),
i.e., the real space counterpart of F(k).

Because the real space is the natural simulation environment, from a sim-
ulation perspective it is advantageous to deal with the neutron-weighted

real space distribution function G(r), rather than F(k), i.e.,
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G0 =3 X ach b (8;0-1) (4)
as a linear combination of the radial pair distribution functions gij(r), i.e.,
g,;(N=1+@1/2n%p,r) j (8; (k) - 1)ksin(kr)dk . (5)
0

In order to extract some useful microscopic information about the solva-
tion behavior of the ions we need to decouple the most relevant contribu-
tions to Eq. (4) by canceling the largest contributions from the (light or
heavy) water—water correlations, i.e., either from guy(r) and gyu(r) or from
8op(r) and gpp(r). This is usually achieved by the first-order difference
method?* that comprises a set of two diffraction experiments, involving
two identical solutions except for the different isotopic states of an atom in
the polyatomic ion (sulfur in this case).

For an aqueous sulfate solution the sulfur-site first difference of total neu-
tron-weighted distribution functions reads,

AGEY (1) = GEY () =GR (1) =

= A (80,5 =1) +By(gps () = 1)+ Cs (g4 () — 1) +

+ D (g0 (1) = 1) + Eg (8 () = 1) + F (850 () - 1) (6)

or its normalized form,

AGEY ™™ (1) = (Ag8 o5 (1) + By § s (1) + C 8145 (1) +

+ D5 8ys () + Eg 8 (1) + F 8 () ™. (7)

The superscript “solv” in Eqs (6) and (7) highlights the fact that the solvent
is light, heavy, or a mixture of both water’s isotopologues, > = Ag + Bg +
Cs + Dg + Eg + Fg, where these coefficients are defined in the Appendix A. In
particular, note that By = — C for cp/cy = —by/bp = 0.561, the so-called null
water composition, so that after invoking the quasi-isomorphic condition

&sp(M) = &u(n), Eq. (7) simplifies to
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As80,s(1) +Ds8ys (1) + Eg8 5 (1) + F 5 (1)
A +Dg + Eg + F

AGSnull, norm (r) — (8)

where the contribution K g, (1/(As + D + Es + F) can be safely neglected
because it is more than one order of magnitude smaller than any other in
EQ. (8). As already discussed by the authors?® the significance and practical
implications of Eq. (8) hinge around the absence of any ion-deuterium and/or
ion-hydrogen contributions to AG!""™™ (r) and therefore, of any potential
S-H and/or S-D peak overlapping with that from the corresponding S-M pair
representing an ion-pair contribution. While a full discussion of the experi-
mental difficulties underlying this method is beyond the scope of this
work, we should point out that being able to detect, and subsequently iso-
late, S-M pair formation is central to either the accurate determination of
or the assessment of its effects on water-sulfate coordination!®?!.

In order to discuss the effect of ion-pairing on the AG ™™™ (r)’s peaks,
we must also be able to assess the extent of such pairing according with
an unambiguous formalism, i.e., in terms of a well-defined degree of ion-
pair association o, _. For that purpose we turn to a rigorous, yet little used,
theoretical approach developed more than forty years ago by Poirier and
DeLap?, i.e.,

o. = [G_.odr (BI)

where d_, defines the upper bound for the count of M#**~SO,%" pairs, and
G_,(nAr is the probability of finding the M#* in the spherical shell of thick-
ness Ar, separated by a distance r from the SO,*, when neither M* nor
SO, forms any additional pair within the distance r (see Appendix B for
details in the case of z = 2).

POTENTIAL MODELS AND SIMULATION METHODOLOGY

In order to study the solvation behavior of the sulfates and to illustrate the
issues discussed above, we performed isobaric-isothermal molecular dyna-
mics simulations of aqueous metal sulfate solutions involving mono-, di-
and trivalent cations at ambient conditions. For that purpose we have cho-
sen simple but reliable intermolecular potential models including the rigid
SPC/E water model?®, and Dang et al.?’, Wallen et al.?®, van Veggel et al.?’
and Cannon et al.3° for the parameterization of the lithium, nickel, ytter-
bium and sulfate ions, respectively. All these potentials are represented in
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terms of Lennard-Jones (LJ) and electrostatic interactions whose unlike L]J-
pair interactions are described by the Lorentz-Berthelot combining rules
(Table I).

The isobaric-isothermal molecular dynamics simulations of the aqueous
solutions were carried out according to a Nosé-Poincare symplectic integra-
tion algorithm3! involving a total of 1372 particles at T = 298 K and P =
1 atm for the salt concentrations indicated in Table II, spanning 3 ns after
200 ps of equilibration time from the initial configuration.

From the simulated radial distribution functions we determined the neutron-
weighted distribution functions AG"™™ (r) for heavy water according to
the Egs (7) and (9). Moreover, we calculate the ions’ coordination numbers
according to their definitions and compared them against those from the first-

TABLE I
Lennard-Jones potential parameters and partial charges for the ion-ion interactions with
Iy = 1.49 A (ref.30)

ii Interaction g;/k, K o, A q; e Ref.

Li*-Li* 83.04 1.508 1.0 27

NiZ*-Ni%* 50.34 2.050 2.0 28

Yb3+-yb3* 20.14 2.950 3.0 29

0404 125.9 3.150 -1.10 30

S-S 125.9 3.550 2.40 30
TaBLE II

Compositions of the aqueous systems studied at ambient conditions

Salt Molality Density, g/cc”
Li,SO, 0.26 1.023 +0.002
0.60 1.058 £ 0.002
0.87 1.084 £ 0.002
NiSO, 0.52 1.077 £ 0.003
1.02 1.147 £ 0.003
1.78 1.255 £ 0.003
Yb,(SO,), 0.46 1.288 +0.008

¢ Resulting density at ambient conditions.
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order difference scheme counterparts (see section Microstructural Results).
Finally, we assess the degree of ion-pair formation, o_,, based on Poirier-
DeLap formalism involving the simulated g ... ().

—t+r

MICROSTRUCTURAL RESULTS

In what follows we analyze the predicted solvation behavior of the sulfate
ion for the three different counterions at ambient conditions in terms of
relevant radial distribution functions. In Fig. 1, we display a representative
comparison of the microstructure of water around the sulfur site of the
aqueous sulfate as a function of the counterion present. A notable feature
in this figure is the lack of water structure beyond the two main peaks, i.e.,
beyond 8 A for all three systems, and the appearance of a shoulder after the
first peak of the oxygen—-sulfur pair interaction for the lithium sulfate solu-
tion. Accordrng to the defrnrtlon of water Coordrnariron around the sulfur
site, i.e., ny(d) = 4npoj Zos(Mr2dr and n (d) 4anj s (r)r dr, this site is
surrounded by approxrrnately 13 (d = 4. 5 A), 14.5 (d 4.6 A) and 14.3 (d =
4.5 A) water oxygens, as well as 9.6 (d = 3.33 A), 11.2 (d = 3.42 A) and 9.8
(d =3.37 A) water hydrogens when the counterions are lithium, nickel and
ytterbium, respectively.

In Fig. 2, we display the comparison between the radial distributions
for the (water oxygen)-(sulfate oxygen) pair (O-O,) interactions for the
same systems as in Fig. 1. Once again, this picture suggests the loss of water
structure beyond 8 A from any sulfate’s oxygen site, with well defined
tirst peaks for O-O, and H-Oq interactions which are located at distances
similar to those found for water-water interactions. However, we note two
important differences with the latter, namely, the stronger H-O, and the
presence of secondary multiple peaks. In terms of coordination numbers
nO d) = 41tpoj Soo. (Nr’dr, these structures represent an average of about
2.3 (d=2.96 ,?\), 3.4 (d=3.23 A) and 3.3 (d = 3.2 A) water oxygens around
each sulfate oxygens when the counterions are lithium, nickel and ytter-
bium, respectively. Note that, due to sharing hydration water molecules be-
tween the tetrahedral location of the sulfate oxygens, the reported oxygen
coordination of the sulfur site is larger than what it would result by multi-
plying the number of sulfate oxygens to their own water oxygen coordina-
tion, i.e., 4 x (2.3, 3.4, 3.3).

The other relevant microstructural information connected to the occur-
rence of ion-pair association is portrayed in Figs 3-5, where we present the
metal-sulfate pair distribution functions g, 4, (r) in comparison with the
corresponding ion-pair distribution functions G_,(r) and the resulting de-
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Predicted radial distribution functions for the O-S and H-S interactions at ambient conditions:
0.87 m Li,SO, (a), 1.77 m NiSO, (b), and 0.468 m Yb,(SO,); (c)
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Predicted radial distribution functions for the O-O,,, and H-O,, interactions at ambient con-
ditions: 0.87 m Li,SO, (a), 1.77 m NiSO, (b), and 0.468 m Yb,(SO,); (c)
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gree of ion-pair association o._, (discussed in section Potential Models and
Simulation Methodology). The outstanding feature in these pictures is the
relatively strong first peaks for the g, ., (r) representing contact ion-pair
conformations followed by weaker water-shared ion-pair configurations,
exhibiting a deformed shape as either double peak (lithium) or as a right
shoulder (nickel and ytterbium). The corresponding G_, (r) functions exhibit
behavior similar to the corresponding g, ., (), though the magnitude of
their peaks is much smaller (i.e., they are normalized to one), and predict

60 1.4
50 1.2
0.87m Li_SO I
o 40 2 4
~ o T=298K - P=1 bar 08 O
2 30 TR
cf‘\‘ 06 ,&
+
o 20 04
0 —J 0
1.2
_ 0.4
i 0.87m Li SO,
9 0.8 T=298K - P=1 bar 03 e
o Ve
O 06 02 =
0.4
0.1
0.2
0 0
2 4 6 8 10 12
ion-pair distance (A)
FiG. 3

Predicted radial distribution function for the M-SO, interactions, the ion-pair distribution,
and its corresponding running degree of association for the 0.87 m aqueous Li,SO, solution at
ambient conditions
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significant metal-sulfate pair association. The degrees of association for
lithium sulfate are o(CIP) = 0.37 and a(CIP + SShIP) = 0.43, for nickel sul-
fate are o(CIP) = 0.36 and o(CIP + SShIP) = 0.72, while for ytterbium sulfate
are o(CIP) = 0.47 and a(CIP + SShIP) = 0.59. These results suggest a clear
trend for the extent of the ion-pair association o(CIP + SShIP), i.e., it in-
creases with the ionic strength as we might have expected. However, note
that the increase of ionic strength in these systems is dominated by the
counterion charge, i.e., these results suggest that the degree of metal-
sulfate pairing would follow the order Li* < Ni%* < Yb3*.

30 2.5
25 1.77m NiSO 2
4
=~ 20 T=298K - P=1 bar
~ 1.5
o 0
72 15 ~
ODZ 10 1 %
5 0.5
0o "
1.77m NiSO,
2 T=298K - P=1 bar 0.8
15 06 o
= =
Fa 7~
) 1 04 17
0.5 0.2
0 0

2 3 4 S5 6 7 8 9 10
ion-pair distance (A)

FiG. 4
Predicted radial distribution function for the M-SO, interactions, the ion-pair distribution,
and its corresponding running degree of association for the 1.77 m aqueous NiSO, solution at
ambient conditions
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In Figs 6-8, we display the predicted normalized neutron-weighted distri-
bution functions AG*"™™ (r) in heavy water for the same three aqueous
metal sulfates. In this representation we also show the four most relevant
partial contributions to aid the interpretation of their participation in the
resulting profile. For example, these pictures clearly indicate that the first
peak of AG{™"™™ (r) is almost entirely defined by the H-S pair interactions,
except for a small distortion at the valley of the peak resulting from the
partial overlap of this with the first peak of the O,-S and the M-S pair in-

70 3.5
60 0.468m Yb_(SO ) 3
i m
= 50 24 2.5
o T=298K - P=1 bar
2 a
o’ 4 5
@N 30 1.5 ,+D-
£ ~
1
o 20
10 0.5
3 0.6
2.5 0.468m Yb,(SO,), 05
= 2 T=298K - P=1 bar 04 2
o, o~
o 15 0.3 .+Q
1 0.2
0.5 0.1
00— L/\J 0
2 4 6 8 10 12
ion-pair distance (A)
FiG. §

Predicted radial distribution function for the M-SO, interactions, the ion-pair distribution,
and its corresponding running degree of association for the 0.468 m aqueous Yb,(SO,); solu-
tion at ambient conditions
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teractions. Note that the contact ion-pair peak contribution is negative for
lithium, but positive for nickel and ytterbium whose main effects are high-
lighted by the green circles in Figs 6-8 as a shift to the left for the location
of the valley (d* < d) and an effective reduction in the estimated water-
hydrogen (H-S) coordination number, i.e.,

"
n!'(d* = 4np,, (ZSW/BS) [aGimem prtdr. 9)
0

TasLE III
Comparison of coordination numbers determined by the two approaches

Salt Molality Direct AGg(r) — based
Li,SO, 0.87 9.6 8.8
NiSO, 1.78 11.2 10.9
Yb,(SO,); 0.46 9.8 9.8
25
i 0.468m sz(SO4)3
2 P=1 bar - T=298K

— ()‘ -S
——H-S

1.5 H,

—S-S

\‘ —---- normalized total

Gs(r) contributions

! \/\,\/, R

2 3 4 5 6 7 8 9 10
r(A)

FiG. 8
Predicted sulfur-site neutron-weighted radial distribution function for the 0.468 m aqueous
Yb,(SO,); solution at ambient conditions. Green circle highlights details of the peaks overlap-
ping at the first valley
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The resulting coordination numbers around the sulfur site according to
this expression are compared with those from the direct determinations in
Table III. Note that the second peak of AG™"™™ (r) is actually a combina-
tion of at least three contributions; namely, the first O,~S peak, the second
H-S peak, and the contact ion-pair configuration. Moreover, the second
peak of AG;‘W'“O‘"‘ (r) can exhibit a left shoulder that evolves into a small sec-
ondary peak with an increase of the salt concentration, as clearly depicted
in Fig. 7 for the nickel sulfate.

CONCLUSIONS

We have analyzed the solvation behavior of aqueous sulfates involving lith-
ium, nickel and ytterbium ions at ambient conditions in terms of the rele-
vant radial distributions functions, and the corresponding first-order
difference of the sulfur-site neutron-weighted distribution functions. We
have taken advantage of the unmatched opportunity offered by molecular
simulation to interpret the partial contribution to the neutron-weighted
distribution functions, to identify the main peaks, and the effect of the
contact ion-pair configuration on the resulting H-S coordination. Finally,
we have determined the extent of the ion-pair formation, as contact and
water-shared configurations, according to Poirier-DelLap formalism and
concluded that these salts exhibit a rather significant association at compo-
sition close to saturation, i.e., at lower molality as cation charge increases
from mono- to trivalent. We must recognize that while the extent of the
ion pairing might be sensitive to the choice of force-field parameterization,
the validity of the proposed interpretative analysis does not depend on that
choice. However, if we intended to assess the accuracy of the simulation
predictions for the ion pair association, then we would need the micro-
structural information from NDIS experiments whose interpretation will be
facilitated by our proposed methods as discussed in details in refs®2,

APPENDIXES
Appendix A
Coefficients of the neutron-weighted distribution functions AG" (r)
Ag = chcowa(Bbs - "by)

B, = 2¢sc,b, (Pbg — ™by)
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Cy = 2¢5¢by, (Phy — ™by)
Dy = 2¢,¢,, by, (b — "™by)
Eg =3 (¥bg - ™bJ)

Fy = 2¢,¢0 bo (Pbg — ™by)

where the coherent scattering lengths have been taken from Sears’ tabula-
tion3?, i.e.,

by = 5.80 fm

by = 6.671 fm

by =-3.74 fm
33pg = 4.74 fm

nath, = 2.847 fm

by, = -2.22 fm
by; = 10.30 fm
byt = 5.375 fm
by, = 12.43 fm

Appendix B

Definition of degree of M?*-SO,?- pair association and its relation to the ra-
dial distribution function S _sor- (r) in the thermodynamic limit.
For the cases considered here the degree of M?*-SO,% pair association,
., 1s defined as,

o = jG (r)dr (BI)

where d_, denotes the largest distance where the M2?*-SO,?> pairs are
counted, typically the location of the first (for contact ion pairs) or second
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valley (for contact plus solvent-shared ion pairs) of g .. _sor- (r), and G_.(nAr
is the probability of finding the SO,> group in the sphencal shell of thick-
ness Ar, separated by a distance r from the M?* ion, when neither the SO,*
nor the M?* forms any additional pair within r. From a statistical mechani-
cal point of view, G_,(r) can be written as the following integral equation,

G_(1) = 4mp.g_,(NPP_(1)P, (1) (B2)

where P_(r) (P,(r)) denotes the probability that an SO,> (M?*) separated by a
distance r from an M?* (SO,2) does not form an ion pair with any other ion
of the opposite charge, i.e.,

P@r)=1 —j’G7+ (s)ds

P(n=1 —j'G+7(s)ds . (B3)

Therefore, the entire formalism hinges around being able to determine P _(r)
and P, (r), through the simultaneous solution of (B2) and (B3), under the
following obvious boundary condition,

p.G.(N=p.G, () (B4)

since electroneutrality requires g ,(r) = g, (r). For the present case, consider-
ing (B3) and (B4), we obviously have P_(r) = P,(r) and p, = p_, and by solving
the integral equation it follows that,

P ()= (1 + 4np+j g . (s)s? ds] . (BS)

Finally, from (B2)—(BY),

_ dmp, g, (r’ (B6)

. 2
[1 + 4np+‘[ g . (s)s” dsj
0

4

which satisfies the required normalization, i.e.,

TG7+ (ndr=1- (1 +4mp, T g, r? drj =1. (B7)

Collect. Czech. Chem. Commun. 2010, Vol. 75, No. 4, pp. 405-424



Solvation and Ion Pair Association 423

According to the Poirier and DeLap formalism, similar expressions can be
derived for asymmetric ion-pairs, as discussed in the original paper.
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